To probe the nonlinear effects of photon-photon interaction in the quantum electrodynamics, we study the generation of circular polarized photons by the collision of two linearly polarized laser beams. In the framework of the Euler-Heisenberg effective Lagrangian and the Quantum Boltzmann equation for the time evolution of the density matrix of polarizations, we calculate the intensity of circular polarizations generated by the collision of two linearly polarized laser beams and estimate the rate of generation. As a result, we show that the generated circular polarization can be experimentally measured, on the basis of optical laser beams of average power KW, which are currently available in laboratories. Our study presents a valuable supplementary to other theoretical and experimental frameworks to study and measure the nonlinear effects of photon-photon interaction in the quantum electrodynamics.
I. INTRODUCTION
Due to the fact that in classical electrodynamics Maxwell's equations are linear, the light by light scattering in the vacuum does not occur, instead they obey superposition. In the context of the quantum electrodynamics (QED), the specific process of photon-photon scattering is present, as the result of a virtual electron-positron pair production by the two initial photons, followed by the annihilation of this pair into the final photons, for more detailed description, see for example
Ref. [1] . These nonlinear interactions are described by the effective Lagrangian of Euler and Heisenberg [2] (see review articles [3] ). This effective Lagrangian modifies Maxwell's equations for the average values of the electromagnetic quantum fields [4] and affects the properties of the QED vacuum [5] . In addition, based on the Euler and Heisenberg effective Lagrangian, the effects of the photon splitting, QED birefringence and dichroism were studied (see Refs. [6, 7] ).
For many years, the search of these non-linear QED effects has been restricted to projected particle physics experiments with accelerators. The difficulties of the measuring these effects stem from the smallness of nonlinear interaction of order O(α 4 ), where the fine-structure constant α = 1/137. Nevertheless, these non-linear QED effects in the vacuum will possibly become testable at energy densities achievable with ultra-high power lasers in the near future. Based on recent advanced laser technologies, there are many ongoing experiments: x-ray free-electron laser (XFEL) facilities [8], optical high-intensity laser facilities such as Vulcan [9] , petawatt laser beam [10] and ELI [11] , as well as SLAC E144 using nonlinear Compton scattering [12] ; for details, see Refs. [13] [14] [15] . This leads to the physics of the ultrahigh-intensity laser-matter interactions in the critical field [16] .
Recently, the nonlinear effect of the photon-photon interactions is shown to manifest itself in a variety of the ways such as (i) a phase shift in intense laser beams crossing one another [17] , (ii) a frequency shift of a photon propagating in an intense laser [18] , (iii) the polarization effects of QED vacuum birefringence and dichroism in crossing laser beams [19] [20] [21] and (iv) the photon-photon scattering in collisions of laser pulses [22] , where it is shown that a single 10 PW optical laser beam splitting into two counter-propagating pulses is sufficient for measuring the elastic process of photon-photon scattering, moreover, when these pulses are sub-cycle, results suggest that the inelastic process of photon-photon scattering should be measurable too. It should be mentioned that PW optical laser beams are required to measure these effects of photon-photon scattering, the reason will be given in the next section.
In this Letter, however, we attempt to study the effect of QED birefringence in the collision of laser beams. We show that in the collision of two linearly polarized laser beams, the circular polarization can be generated by nonlinear QED effects of the photon-photon interaction, i.e., the Euler-Heisenberg effective Lagrangian in the vacuum. It is important to point out that the rate of generating circular polarization is large enough to be experimentally measured for the collision of two KW optical laser beams, which have already been achieved in laboratories nowadays.
The reason will be given in the concluding section. We recall that the generation of circular polarizations for Cosmic Background Microwave (CBM) radiation due to the Euler-Heisenberg effective Lagrangian was discussed in Ref. [23] .
II. THE RATE OF PHOTON-PHOTON SCATTERING
The photon-photon (light by light) scattering (in the vacuum) is a special process of quantum electrodynamics (QED), which does not occur in classical electrodynamics, owing to the fact that 
where ω, m e and λ e are the photon energy in the center-of-mass system, electron mass and Compton wavelength, the maximal cross-section is around ω ≈ m e . Using the cross-section of photon-photon scattering and intensities of laser beams available in laboratories, we estimate the rate of laser lightlight scattering as follow
where N T γ is the number of (target) laser-photons interacting with (incident) laser-photons and n in γ is the number of (incident) laser-photons per second and per cross-sectional interacting area A ( √ A ∼ being the size of laser-beams). These quantities can be written as
where Q T (ω ′ ) is the intensity of (target) laser-beam and Q in (ω) is the intensity of (incident) laserbeam, ∆t represents the time-interval of two laser beams interacting. Eqs. (3) and (4) lead to
In the case of ω = ω ′ ∼ eV, the total cross-section of Eq. (1) is very small, σ γγ ∼ 10 −54 cm 2 .
Assuming that the intensities Q of incident and target laser beams are equal, then we obtain
where the average power of laser beamsP = A Q in = A Q T . Due to the smallness of cross-section σ γγ in Eq. (6), in order to observe a scattered photon per second (R γγ ∼ 1), one needs petawatt laser beams such as Vulcan laser ∼ 10 PW [9] and Petawatt laser [10] , where the laser duration time τ ∼ fs, laser beam diameter √ A ∼ 50 cm, repetition rate f pulse ∼ 1/sec and energy per pulse ε pulse ∼ kJ. This agrees with the result reported in Ref. [22] . This explains the reason why PW laser beams are required to measure the effects of nonlinear photon-photon scattering.
III. EULER-HEISENBERG LAGRANGIAN AND CIRCULAR POLARIZATIONS
We attempt to study the generation of the circularly polarized photons due to the EulerHeisenberg effective Lagrangian in the collision of two linearly polarized laser beams. The EulerHesinberg effective Lagrangian is given by [2] :
where the first term 
where ǫ iµ (k) = (0, ǫ i (k)) are the polarization four-vectors and the index i = 1, 2, representing two transverse polarizations of a free photon with four-momentum k and k 0 = |k|. a i (k) and a † i (k) are creation and annihilation operators, which satisfy the canonical commutation relation
The number operator
. An ensemble of photons in a general mixed state is described by a normalized density matrix
is the general density-matrix in the space of polarization states with a fixed energy-momentum "p" per unit volume, the dimensionless expectation values for Stokes parameters are given by
where "tr" indicates the trace in the space of polarization states. This shows the relationship between the four Stokes parameters and the 2 × 2 density matrix ρ for photon polarization states.
The density operator ρ for an ensemble of free photons is given bŷ
The parameter I gives total intensity, Q and U intensities of linear polarizations of electromagnetic waves, whereas the V parameter measures the difference between left-and right-circular polarizations intensities. The expectation value of the number operator
The time evolution of photon polarization states is related to the time evolution of the density matrix ρ ij (k), which is governed by the following Quantum Boltzmann equation (QBE) [24] ,
where H 0 I (t) is an interacting Hamiltonian. The first term on the right-handed side is a forward scattering term, and the second one is higher order collision term.
In our case, the interacting Hamiltonian H 0 I (t) in Eq. (16) is the Euler-Heisenberg effective Hamiltonian H EH I (t)
from Eq. (7). Since H I EH is the order of α 2 , in Quantum Boltzmann equation (16) 
where the following equations [24] are used to calculate all possible contractions of creation and annihilation operators a † i and a j a †
Based on Eqs. (13) and (18), the time-evolutions of V -Stocks parameter is given by (see Ref. [23] for details):
where k and p indicate the energy-momentum states of photons, and the operatorX is defined as a following integral overall energy-momentum states p,
As this equation shows, the time-evolutionV is proportional to Q and U modes. This indicates that an ensemble of linearly polarized photons will acquire circular polarizations due to the EulerHeisenberg effective Lagrangian (7).
IV. COLLISION OF TWO LINEARLY POLARIZED LASER BEAMS
Using Eq. (21), we calculate the circular polarization generated by the collision of two linearly polarized laser beams. In this case the second term on the right-handed side of Eq. (21) vanishes, and the density matrices of two approximately monochromatic laser beams are wherek (p) stands for the mean momentum of incident (target) laser beam, as indicated in Fig. 1 .
As a result, the integral of Eq. (22) becomes
wherep α =p α /p 0 , c is the speed of light andŪ (p) is the mean intensity of the "target" laser beam.
The time-evolutions (21) of V -Stocks parameter for laser beam is thus given as followṡ
In order to explicitly calculate Eq. (25), we coordinatek inẑ-direction, ǫ 1 (k) inx-direction and ǫ 2 (k) inŷ-direction, as sketched in Fig. 1 . In this coordinate,p, ǫ 1 (p) and ǫ 2 (p) are represented byp = sin θ cos φ, sin θ sin φ, cos θ ǫ 1 (p) = cos θ cos φ, cos θ sin φ, − sin θ
in terms of polar angles θ and φ (see Fig.1 ), and indexes
in Eq. (25) . As a result we calculate Eq. (25), yieldinġ
where ǫ ip ≡ ǫ i (p), ǫ ik ≡ ǫ i (k) and i = 1, 2. Substituting Eq. (26) into Eq. (28), we obtain the final
which is maximal for the head-head collision of two laser beams (θ = π and φ = 0), at given intensities Q(k) andŪ (p) of two linearly polarized laser beams.
To end this section, we recall the QED birefringence [6, 7] 
V. THE RATE OF GENERATING LASER PHOTONS WITH CIRCULAR POLARIZATION
We estimate the rate of circular polarization generation by the collision of two linearly polarized laser beams with a mean energyk 0 =p 0 and average powerP ,
Suppose that A is the cross-sectional interacting area of two laser beams, ∆t is the interacting time of two laser beams, and within the interacting time ∆t, two laser beams have continuous beam profile. In this case Eq.(29) can be written as
Because ∆V (k) is the intensity of circularly polarized laser photons with the energyk 0 , the average rate R V of generating circularly polarized laser photons (number /sec) after two beams interacting for the time-interval ∆t is given by
where the electron Compton length λ e ≃ 3.86 × 10 −11 cm. As an example, using two laser beams, of laser beams for a sizable rate R γγ .
VI. CONCLUSION AND REMARKS
To study photon-photon interactions of quantum electrodynamics, we approximately calculate the circular polarization intensity generated by the collision between two linearly polarized laser beams, and obtain the result of Eq. (31). For this purpose, we approximately solve the Quantum Boltzmann Equation for the density matrix of photon ensemble with the nonlinear Euler-Heisenberg effective Lagrangian, and obtain the time-evolution of Stokes parameter V for circular polarization.
Using some parameters of available KW laser beams in laboratories, we estimate the rate (32) of generating circularly polarized photons (number/sec), which seems to be large enough for possible measurements. How to experimentally measure the circular polarization generated is not in the scope of this Letter.
The phase shift due to the nonlinear interactions of ultra-intense (PW) laser beams and some sensitive techniques to detect this phase shift have been studied in Refs. [17, 20] . The power of laser beams which needs to measure this phase-shift is about four order of magnitude larger than the power of laser beams used to produce measurable circular polarizations. The proposed ELI project
[11] will provide laser pulses of wavelength ∼ 800nm, intensity 10 29 WM −2 (with peak power ∼PW and average power ∼ 3MW), the repetition rate of pulses f pulse ∼ 10Hz and time-duration of a pulse ∼ 30 fs, and the size of focusing spot ∼ 10µm. This laser facility will make it be possible to detect the phase shift, circular polarization and other effects originated from the nonlinear photon-photon
